E-Simplicity versus e-Complexity : Some Remarks on the
Perspectives of the Universal Design for Learning

Svatoslav Ondra Petr Penaz
Masaryk University Masaryk University
Brno, Czech Republic Brno, Czech Republic
ondra@teiresias.muni.cz penaz@teiresias.muni.cz
Abstract

Mathematics was developed to approach the complexity afaahrough the simplicity of num-
bers — thus it can be considered as the first digitizationge®dn history. Nevertheless, to reach
its goal, mathematics itself develops more and more congitexctures which are, in terms of their
readability and accessibility, as complicated as natgedfjtusing two or even more dimensions in
writing and encoding formulae. The same development carbberged in informatics and the me-
dia used for presenting scientific formulae. The lecturdyaes and compares existing technologies
and methods of adjustment applied in the accessibility @dclical and scientific documents. Based
on their experience in equal opportunities within the Eeapacademic settings, the authors con-
sider the question of whether that variety of approachdlyreelps to make the academic curricula
accessible.

1 Making mathematics accessible as an intellectual challge

Making mathematics accessible for the blind has presentdthidlenge several times in the history of

mankind. It was a fashionable issue in European courts oEthightenment and this Enlightenment

sponsoring is also behind the creation of Valentin Haligt laouise Braille’s studies from the end of the

18th and the beginning of the 19th centuries. It revived hiows national contexts each time the Braille

notation was adopted and adapted to particular nationglogerat the end of the 19th and the beginning
of the 20th centuries. A massive spread of information teldgies in the 1990s brought the last wave.
As you can see in this introductory reflection, we are foayisin the European context of the mentioned
issue as our experience is based on fifteen years of provégingce to students with visual impairment

in the Central European region. For this reason, we apadbit we are leaving Arabic, Indian, Chinese
and other notations aside and we are only considering théhetextent of their immediate influence on

the European tradition.

The last accessibility wave is characterized by a certampkication that we would like to over-
come: mathematical notation is commonly assumed as anivelyifamiliar and given fact: it is as-
sumed that the mathematical notation simply exists andasile is not to find what it is or what it is
not, but to make it accessible. In our opinion, this apprdaals to some misunderstandings and before
proceeding towards an analysis of the common accessipildgtice, let us consider, what is actually
supposed to become accessible?

2 The development of mathematical notation

2.1 Ancient Greece — plain textual linearity

The contemporary mathematical notation is a varied mixbeiciverse elements and notation techniques
which has been created for over millennia but has existedvalsode for a surprisingly short time, if

it is a whole at all. Mathematicians of ancient Greece whocamamonly viewed as creators of the

European mathematical tradition, did not use any specifiatiom. Given the fact that classical Greek
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had no diacritics and used letters for numerical valuesnttation was purely linear alphabetical and
its theoretical accessibility for the blind is only compatied by the rich graphics illustrating geometrical
phenomen.

Figure 1: Euclid’s Elements — Papyrus Oxyrynchus (P. Oxy)] 88ted 75-125 AD.

In the Hellenistic period at the beginning of the Christiaa, dhowever, diacritical marks begin to
emerge (to indicate accents and other phonetic phenomsmeglbas tachygraphic symbols (including
indexes abé)reviating stable combinations of charactseosthe notation of common texts as such ceases
to be linea

2.2 Diophantus of Alexandria and early symbols

Diophantus of Alexandria generously used the elementshditcomplicated the orthography of com-
mon Greek texts in the 3rd century A.D. In lsithmetica there is a specific symbol for the unknown
value, tachygraphic abbreviations expressing squaresues etc. The aim of these elements is visual:
to fit a larger amount of information into the reader’s fieldvedion. In mathematics, this care for the
field of vision is more important than in a literary text: apibvides a navigation system among argu-
ments. It allows the sight to follow the key pieces of infotioa and compare them, without reading
the stereotypical and formal ones. This makes it possibfgettiorm mathematical operations with the
mere use of sight, while the older method presumed memgrizihelements, which are included in
a considered relation. It is precisely because he takesomnsideration the specifics of mathematical
work that Diophantus adds a specific technique which has natewart in Greek literary texts. He
solves operations with fractions by a planar arrangementofbers: he writes the denominator above

IFile: P. Oxy. | 29.jpg — Wikimedia Commotienline]. 7. October 1994. [cit. 2012-01-08]. Available at
<http://en.wikipedia.org/w/index.php?title=File:P._Oxy._I_29.jpg&oldid=426463448>|

2File: The Bodleian Library, University of OxfordEuclid — Elementa, spread [@latabase online]©2004 Octavo. [cit.
2012-01-08]. Available athttp://www.rarebookroom.org/Control/eucmsd/index.html>|
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Figure 2: Euclid’s Elementa. Byzantine manuscript dategi 8B.

the numerator (without a line as fraction separator).

It still holds for Diophantus that his mathematical notatim principle remains — in contrast to
contemporary use — identical to a common text, even to sutdmethat it determines his methods.
When we consider the development of mathematical notatimm fa blind person’s perspective, it is
very important to notice the fierence between Diophantus’s technique and the common dag, to
because it is illustrative of some of thefdrences between the work of the sighted and the blind( 1] [2]

In chapter I, 28 of higArithmeticg Diophantus assigns the following tagkind two numbers whose
sum and the sum of whose squares are given number

2.2.1 Contemporary solution conditioned by algebraic symblism

Considering that Diophantus only conceives of a solutiothéset of positive rational numbers, a con-
ventional solution to his task using the algebraic apparatmmon today, which became stable in Eu-
rope between the Renaissance and the Baroque, looks aggollo

The task:Find positive rational numbers, x such that %y = a, X +y? = b, where ab are positive
rational numbers.
Solution:

Q) X+y=a
(2) X+y?>=Db

SEtpeiv 800 aplbpotc Smag kol ¥ oivOeolg abtdv Kal 1) ohvOeog TV an’ adtdv Tetpaydvov molf] dodévtac
apLOpovg.
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(3) Letx=s+3.
Thus, by substitution into (1):
s+ & +y=a, follows that:
(4) y=5-s
Then, by substitution into (2):
(s+ %)2 +(3- s)2 = b, follows that:

2 2
S+as+L+s-as+L =b

5)  s=YnZ
Result forx by substitution into (3):

Result fory by substitution into (4):

_ ¥2b-a2 _ a-v2b-a?
2 - 2

NI

y:

Condition of solubility: V2b— a2 must be a positive rational number.

2.2.2 Period solution based on verbal description

The level of generality commonly used today is not realifiicDiophantus because his algebra is very
elementary — he uses one unknosyhe is also able to express its powstss®n, but here his possibilities
end. Itis interesting to note the individual steps of Diaptiia’s mathematical reasoning based on simple
verbal description:

1. Diophantus specifies the conditions of solubility in thistfstep in a specifying statement without
revealing the way that led him to this proposition:
Twice the sum of the squares minus the square of the sum ofitheumbers must be a square.
This is a necessary conditiéh.

2. Then he chooses concrete numbers that meet the conditemiubility and for which the task
should be solved. The whole subsequent solution is denatedton these concrete numbers, not
universally:

Let the sum of the sought-after numbers give the val@®ahd the sum of their squares give the
value 0f2088

4AET 81) ToVC Big AT ADTOV TETPAYHVOLE TOD AT GUVAUPOTEPOU GDTHV TETPAYHVOU VITEPEXELY TETPOYMVY. F0TL OF
Kol ToUTo TAAOUATLKOV.
SEmtetdy0m v pév oivOeotv adtdv wotely MO K, Tv 8¢ civOeow TV &’ abTdv TeTpayhvmv moteiv MO or'.
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3. Then Diophantus applies algebraic elements he inn@hatimtroduced himself to solve the first
eqguation. Yet his solution is for the most part based on dipsgwhich are not further described
and are performed in his mind:

Let us denote the gierence of the two sought-after numbers2sy Then, the bigger number will
have the value s plus the value I8 (a half of the sum of the numbers), while the smaller will
have the valud0- s. Thus the resulting sum of the sought-after numbers hasthe of20, their
difference bein@s@

4. When solving the second equation, the amount of memorynaagination needed is even higher:
What remains is that the sum of the squares of the soughtraftebers produce the value 208
However, their sum produc@s® plus the value 0200, which in sum equals the value 208 and
for s the resulting value ia[]

5. The final application of the result of the solved equatedsy to follow from today’s perspective:
Back to the task: the bigger sought-after number is the vaRjehe smaller number the vali&
And this meets the requiremets.

From this short analysis of Diophantus it is evident that agRrmathematical text lost its linear
simplicity not in relation to the needs of mathematics, hug tb a development of textual notation as
such. On the other hand, this nascent complexifgred methods which had been unthinkable before.

2.3 Notations of European Middle Ages

In the Middle Ages, it became a custom to only write down wdag$heir root or initial, while grammat-
ical parts of words, endings (with frequent words the whdlgem) were usually written with hundreds
of ligatures (tachygraphic marks) added to the root. Thisciple applied in Europe to both Latin and
Greek scripts until the arrival of printing and even affer:

Only a small part of the richness of hand-written marks hasred the contemporary conventions
for literary texts written in the Latin alphabet: ligaturkes the letter combinationff, fi, fl, ligature &,
exponential marks for ordinal numbery 2° in Roman languages etc. In comparison to common texts,
mathematical documents seem to be a much more conservativerenent as they have preserved much
more of these techniques otherwise extinct.

2.4 Fibonacci’s digitization

In the field of mathematics, the Middle Ages pushed forwaedwiork with planar, i.e. non-linear, ar-
rangement. Leonardo Fibonacci in his work Liber Abaci (D2@&oduced Indian-Arabic symbols for
numbers and a positional number system called modus Indorbim introduced a brand new principle
into a notation which enables mechanical performance tfiragtic operations with bigger numbers.
This way, another part of mathematical operations passed tihe memory to the visual domain. How-
ever, the introduction of the positional decimal systerrubtd at the same time a complication: it is not
possible to read numbers from left to right only, because¢hémeaning of the symbols situated at the
left of the sequence is only apparent after counting thersrdehich requires to proceed from right to
left.

5Tetdybw d1) 1) Omepoyly avtdv s B. Kai #otw 6 peilwv s o kol MO v, tdv fuicenv méhv 100 ouvbéuotog, 6 o6&
ghdoomv MO U A sa. kol pével iy 1o pev obviepa attdv M° «', 1) 8t vrepoyn S’

7 Aoutdv 0TV Kol TO GOVOEUL TAV &I’ adTdY TETPOYhVMY TToLely MO o1)’* &hAi 1O 0UVOEUR THV At adT@dV TETparyhvary
moel AT B MO ¢, Tadta ioo M° on kai yivetow 6 SMC .

8Emi tig tmootaoelg. Eoton 6 udv pelCov MO i, 6 8t éhdoowv M® 1. kai motodol T Tijg TPoTaoEnC.

9File: Euclid Lueneburg ms page 8.jpg — Wikimedia Commonéifief 11 February 2008. [cit. 2012—-01-08]. Available at
<http://commons.wikimedia.org/w/index.php?title=File:Euclid_Lueneburg_ms_page_8.jpg&oldid=26558035>

5


<http://commons.wikimedia.org/w/index.php?title=File:Euclid_Lueneburg_ms_page_8.jpg&oldid=26558035>

E-Simplicity versus e-Complexity Ondra and Penaz

ummwnv ob;
5

& ety :
) quadnty s
fomul queerre
Legruf taveriho

vimiangulo ¥ pluvel pomd
Alareredtuman - fefte pa&’a el
gulii fubmidenme:  Tangula de:e-
quadiaii defarbny +— P—s
éqqunt furtyeliquor |
wnglidation qua
o vedht of L
Angls e 12 lud |

Figure 3: Euclid’s Elements — Manuscript from Luneburggiment. AD 1200.

2.5 Emergence of other mathematical symbols

Fibonacci was also the first to apply the line as graphicadsgpr in fractions, although this only became
systematically used by the Czech-German mathematiciaandels Widmann in 1489. Widmann is
the first to consistently apply symbols for addition and satiton which had only existed in a non-
systematic way till then is in fact a tachygraphic mark for Latin et, related to the bgia &, 8). It

is not the purpose of this paper to describe or comment orithdil symbols. However, to illustrate
the complexity of what is called mathematical notation,ugtmention at least the basic principles and
symbols.

Multiplication was trying to find its symbol much longer andfact, it has not found it: the cross
(x) was introduced by William Oughtred in 1631, while simubkansly a squared) and an asterisk (*)
were in use; at the end of the 17th century, Leibniz replabectctoss with a dot) due to the possible
confusion of the cross with the algebraic x. All these symlak still being used, not always exactly
differentiated. The case of the symbol for division is by ho mesimpler: Leibniz replaced the slash
with a colon in the 18th century, while the Swiss Jonann Raitim tive obelus €). Again, the necessary
unity has never come.

The decimal mark for separating the fractional part of a neinfitom its integral part has not reached
unity either: the original bar above the fractional part welaced with a vertical line, later reduced
to a decimal comma or a decimal point in the Anglo-Saxon rediiginally, with different position in
Britain and the USA) and when we add dfdrent solution in countries writing Arabic, the map of the
decimal mark is as varied as the map of the electrical sotaatlards.

Brackets of various types were gradually asserted from @tle dentury onwards and became quite
stable with Leibniz and Euler. A consistent indexical magkof powers is a matter of the developments
between Descartes (1637) and Newton.
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Between the 16th and 18th centuries, a completely new eleaighe mathematical notattion de-
veloped: stylized letters used as graphical elements atpgrgroups of planarily arranged group of
symbols: r ¢/) for the root,f for integral, X for sum, and so on. The level of stylization is such that a
common user does not perceive these symbols as letters. dtifan absolute value comes from as late
as 1841, from Karl Weiserstral3, while other symbols, fomgpe in the logic and the sets, were added
in the 20th century.

In total, it is apparent that the system of mathematical maidn be called a system only with
restraint: it is an open set of not fully stable and origipadery individual habits that are also integrally
diverse. From the functional perspective, it is a combaratf semantically ambiguous formal elements
(indexation as a sign of power) with semantically unambigufunctional elements (root mark); infix
notation (arithmetical operations) is combined with prefixation (logarithms, sums) and so on. Despite
the overall aims of internationality and universality, sta very strange conservative world preserving
more historical elements than common conventional natatid literary texts. A common mathematical
notation of the early 21st century consists of the followfiognal elements:

common alphabetical characters, used as a text or in aartdty of abbreviations
specific (non-alphabetical) symbols

indexes (based on both alphabetical and specific signs)

stylized letters used as graphical elements,

organizing (navigating) graphical elements

pictures.

ok whNPE

2.6 The graphics

The European mathematics, as follows from the Egyptiaritioadl is initially interested rather in geo-
metrical solutions, for which graphics is as necessaryragdography. Thus, the mathematical manuscripts
are full of graphics, while the commenting notation is aiplanear text. Researchers like Diophantus or
later Fibonacci started concentrating on numerical smhstiand thus the whole development is towards
digitization, or rather arithmetization and algebraiaati As of the 20th century, there are no geometrical
phenomena impossible to express and solve numerically.whuode trend culminates in computeriza-
tion, which is initially purely alphanumerical (and thuspaars blind friendly) and incompatible with
mathematical notation in its conventional form.

This led to specific text editor choices among mathematgismch as ChiWriter [4] by Cay Horstmann
(and to a much lower degree, WordPerfect) from 1986. Chiavitas user friendly precisely in the area
of mathematical notation, and so it resisted even the catiggetf TpX[5] by Donald Knuth till the
1990s, althoughpgXreached its version 3.0 containing MEGAFONT already in9498uring the 1990s,
ChiWriter definitely gave way togXwhen its development terminated in 1996 and no other sykgesn
gained a comparable popularity for mathematical purpcséispugh all widely spread editors (Word-
Perfect 5.1, MS Word, Mac Pages and the like) include modolesmathematical notation.gKbecame
the undficial mathematicians’ standard at the turn of the century bécause of its open source code,
although it is not a de facto standard and work with this edéencomparable with WYSIWYG editors
as far as user comfort is concerned.

However, the last decade of the 20th century with its massofufarity and commercialization
brought a radical turn in the development: the need to asgermation technologies in all social strata
gradually turned the attention towards multimedia tecbgigls. Audio and video began to replace text,
thus making virtual digital environment similarly inacs#ése for the blind as the real physical world. A
large amount of software with a professional graphical ou(Maple, Mathematica, Maple, Geometrix,

7
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Archimedes and so on) has emerged for mathematical purposethis does not mean a retreat of the
TpXas a main tool.

Notwithstanding the information technology, graphics &lasays been a converter between a numer-
ical solution and the real world of objects with spatial tielas among these objects, and mathematics
was created to solve these relations and has not ceased sedéoudo so. Human mind is based on vi-
sual perception of objects and numerical solutions arerskny to this perception. Graphical depiction
of objects and their relations thus never ceased to servepdsnations of the more abstract numerical
solutions. This naturally leads to the question whethes iiseful to employ graphics in mathematical
education of the blind. As it follows from the argument bel@vindeed turns out to be necessary.

3 Creation and development of tactile notation

Shifting from notations for the sighted to those for the @iit is interesting to note that in many details,
the history of the script for the blind is a repetition of whaippened before and after in the development
of the visual script. From the very beginning, these systarescharacterized by the typical dilemma
between a compatibility with the mainstream visual notatimd the specificity of touch. At the turn
of the 19th century, this dilemma showed in the struggle betwValentin Hally's (and his followers’
in Institut national des jeunes aveugles) tactile Latirhal@et and Louis Braille’s raised dots. Braille
himself was aware of this problematic dichotomy (which hegglf created when he supported the
raised dots) and he strived for the development of both Bystén his view, tactile graphics served the
blind to address the sighted.

3.1 Systems based on Braille
3.1.1 Six-dot notation of literary texts

Later, the dilemma showed in the issue of whether the sprgaraille systems serve to transcribe
visual scripts or they are independent. Braille’s concepta&ins the potential for both: on the one hand,
Braille rejected phonetic code of Barbier and he insistedhenconventional orthography, on the other
hand he initially did not deal with the flerence between the upper and lower case, did not include the
Anglo-Saxon w etc., which made his system simpler than teaaliwriting. From 1837, the Braille
system includes prefixes, i.e. it uses symbols with dots dn8,6 as switches multiplying the basic set
of 64 symbols. Combinations with these specific prefixes yenestrings of prefixes) are the systemic
elements that dlierentiate Braille systems in the proper sense from taaieesentations of a visual
encoding (like programming languagegxXTetc.).

Beginning from the international congress which in 1878kedrBraille as the primary communi-
cation system for the blind, the Braille system graduallyed@ped to meet the needs of hundreds of
languages independently of the particular visual alptsabsed in respective regions (see World Braille
Usagel[6]). Creation of these codes was accompanied byggessimilar to those when visual orthogra-
phies were established, especially the tachygraphic actiins. National systems thus vary in whether
contractions are considered an integral part of the systagn ih German, where certain combinations of
characters are contracted — diphthongs, digraphs, thigiagr whether it is only an option for a specific
purpose (e.g. English Grade 2, Grade 3, while Grade 1 remnam®f the possible standards), or where
contractions do not exist at all (e.g. Czech). Preservatiotontracted spelling in Braille systems is
illustrative of the conservativism of the system: it is anpiple which the visual script has only kept in
mathematical and scientific notations. The English Gradad2@rade 3 furthermore represent (more
than German contractions) cases of an orthographic indiepee of the tactile writing.

8
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3.1.2 Six-dot notation of scientific texts

The main problem of Braille, however, rarely concerns theecage of the standard orthography of
a given language (at least not in European writing). Amongmmore complicated tasks there are
transcription rules for foreign characters (in proper naimeborrowings), specific typographic features,
and symbols for scientific texts. There are only a few of thesmescription systems (unlike transcription
tables for common writing). In the mid-20th century, it wasdyothe following systems whose influence
reached beyond their local environment:

1. French Braille Codé [8l
2. Marburg systemi [9]/110]
3. Nemeth Braille Codd [11], [12], [13]

In 1970s and 1980s, another three large international regsteere added:

4. Russian system [14]
5. British systerﬁ [15]
6. Spanish system [16]

Towards the end of the 20th century, standards for trartgmmigexist in many countries — some
adopt one of the above-mentioned systems or they dependontthvarious degrees (for example, the
Chinese systeni_[17] on Marburg). In practice, these codes tveo diferent aims: a) codification of
specific characters and symbols, b) codification of rulesviiting documents in science, i.e. standards
for rendering features encoded in visual writing by graptoc in a visually specific way (sometimes
called transcription rules as they are mostly used for tndpion of existing visual documents).

In the coexistence of these systems, the old struggle batare@tegrating solution and the Braille’s
independence continues: theyfdr from one another in the level of dependence on visual inotin
this context, the independence of the Nemeth code is welkino

There has been a remarkable initiative in the establishroktite committee for a unification of
the Braille notation in English-speaking countries, whiebulted in Unified English Braille (2004)![7],
completely diferent from the Nemeth code. Itis very illustrative that thigative, despite its name and
thirteen years of development, has not resulted into utiidicdout has become a new standard; first, for
four countries (Australia, New Zealand, South Africa, arigd¥ia) and from 2010 for Canada, too.

A coexistence of such diverse systems is not surprisinghfase who know the history of scientific
notation of the sighted as it is an exact copy of the situatibich existed in Europe in the late Baroque
and early Classical periods: academic texts were followhegnain national and international authorities
while the diferences between these authorities did not seem surprigingyas achieving unity stated
as a goal. It very accurately corresponds with the mentitnedrical situation that besides national and
supranational authorities, there are many more individahltions, so in practice it is often the case that
a norm is only applied to publishing of printed materialsrfiational or international distribution, while
it is not an individual's goal to actively learn and use it fas own purposes. This disintegration of the
system was largely assisted by the integrative educatitioypanainstream teachers cannot follow or
access the Braille conventions so they do not see a reasoaxehypressure to respect them comparable
in a blind person’s life to pressures exerted on a sightedogperEach understandable solution usually
tends to be accepted, which again resembles Europe of tlyeBemoque period.

10France, Madagascar, Portugal.

11canada, Israel, Lebanon, New Zealand, Pakistan, Saudidraimgapore, Sri Lanka, Thailand, USA, Western Samoa,;
Greek adaptation.

12K, Ireland, Australia, Bahrain, Hong Kong, Keyna, Jordiigeria, Saudi Arabia, Sierra Leone, Zimbabwe.
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3.1.3 Eight-dot notation of scientific texts

In the 1980s, information technology enters the field ofikaetriting, quite complex as it already was,
and with it, the eight-dot braille of tactile displays. Itparadoxical of this situation that although the
computer becomes a common reality during the 1990s anddherstional norms for the six-dot braille
(sometimes more than one norm), systematic eight-dot narengery exceptional:

1. Stuttgarter 8-Punkt-Mathematikschrift [18]
2. GS Braille (the eight dot variant) [19]
3. National eight-dot notations of the Lambda cdde [20]

As we can see from this list, these activities were takinggkt the end of the 20th and the beginning
of the 21st centuries. The majority of users (as there westilbare no standards in most languages)
are not using any of the above systems and usually followopatdhabits, based on the native codes of
application or hardware in use and the national six-dotdsteds. There are usually no specific transcrip-
tion rules (in terms of 3.1.2), but the authors try to makanitilsr (as much as possible) to the existing
six-dot standard or some typical computer input (in term3.2j.

3.2 Notations based on typical computer inputs

In the 1990s, i.e. before the emergence of real eight-dehador the Braille notation of scientific texts,
a completely new and, given the period, logical idea appedts tactile writing of mathematics: to use
those writing systems whose use was enforced to the sigktrd by information technologies. In fact,
this is a continuation of the old struggle between compltibivith the main stream (visual notation)
and specificity of touch: Braille systems in the proper searighe term (based on tactile-logical combi-
nations) compete with systems that copy the visual soluBanit inputs for compilers or for text editors,
both procedures assume the use of the keyboard for writimgarl string (alphanumerical with the lim-
ited number of specific symbols accessible from the keyhoaFtle above-mentionedeXsystem has
even led to such consequences that many users follow wisulitlear version of mathematical structures
all the way up to the final compilation, just like a programpaard this has explicit psychological conse-
guences for the behavior of the population: more and morplpagecognize such coding as acceptable
for sight. The best known tactile solutions based on thisgipie are:

1. ASCII-Mathematikschrift (Karlsruhe)) [21]
2. BTEX
3. Human ReadablegX[22]

In theory, it is possible to write this way using both six oghdi dots. In practice, however, these
systems (and other similar ones) are combined with eightdding of scientific symbols (see 3.1.3
above), thus presenting the syntactic frame for the mattieahariting, which in the six-dot systems is
usually solved internally (i.e., encoded by the nationallle standard).

3.3 Solutions for special typographic arrangement and grabics

As mentioned above, thefticulty in making visual documents accessible is not prirgadétermined
by the number of specific marks, but mainly by the complexitthe typographic arrangement, i.e. by
the number of the typesetting methods employed and by thenert their visuality. With regard to
traditional braille systems, the Instruction Manual foalBe Transcribing[[28], published by National
Library of Congress and containing 188 pages, remains aiamigrk. It is a proof of a very substantial

10
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effort to understand braille as a transcription of visual pdoces and demonstrates hovfidult (and of-
ten controversial from the methodological point of viewisito require braille to copy all the flerences
that have been created in traditional typography for thelseé sighted readers.

The most dificult task concerning tactile notation remains pure graphiarrowing this very com-
plex problem down to geometry, one can see that the significafigeometrical graphics as an integral
part of mathematics has never diminished; on the contraltgwiing the multimedia wave at the end of
the 20th century, it gained prominence and it can nowadaydohe by dozens of applications. There
might be a question of the usefulness of its transposititm tiactile graphics (compared to the under-
standing of algebraic models and functions). Althoughdatdgious that the role of tactile graphics cannot
be considered the same as that of visual graphics, therewaeasreasons why it is impossible to leave
out graphics out of documents for the blind.

e some of the blind have acquired sight loss, and graphicsneesssary for their way of perceiving
and thinking as it is for the sighted

e some of the people blind from birth have inherited visuatpption and memory as well, and they
have the same needs as the first group

¢ the rest of the blind would spontaneously do without graghyet their integration into the society
of the sighted forces them to follow the visual issues, hemaghics is necessary for them as well

To sum up: Providing services for the blind at the universityans to guarantee accessibility to an
open set of diverse graphical symbols and mostly visual austithrough an equally diverse and open
set of tactile methods (or voice methods, which we have enhiior the sake of simplicity). This seems
to be, at least at first sight, an unsolvable problem, andiitté&esting to be reminded of technological
procedures that aim at solving the unsolvable.

4 Applications designed to make mathematics accessible

The assertion of information technology and its shift froorgly alphanumerical base towards multi-
media in the last two decades enabled digitization of mattieal documents containing all the above-
mentioned features. The amount of tools for typesettingprdishing of mathematical (and scientific
in a broader sense) documents has grown and new formats @emalbfined for this purpose. Itis how-
ever a well-known paradox that this development has ongih8li changed the position of TeX as the
dominant typesetting format for mathematicians (with P3Rtee typical presenting format). In other
formats, mathematical notation is usually inserted ashgcapobject. These techniques are in principle
based on visual (presentation) form of a digitized notatilbris true that the number of documents us-
ing MathML for mathematical notation is increasing (as vealthe number of systems with integrated
MathML), but they mainly use the presentation variant of flormat.

We do not consider as paradoxical the fact that presentétionats dominate in wide practice,
although this might be a problem for the visually impairede #e aware that a production of a math-
ematical document in a purely semantically oriented forteats to be less practical for at least two
reasons:

e The exact semantics of a mathematical expression may noebe when being formulated or
solved, and in it does not need to be surely known to the tyfmesdn common cases, even the
author may know the sense of the notation rather intuitiviblys the visual form of the notation is
easier to grasp.

¢ In certain (not always marginal) cases, the sense of a giathamatical symbol is new or at least
shifted in comparison to how the standard meaning is.

11
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4.1 Conversion between conventional formats and notatiorfer the blind

The above analysis suggests that individual mathematatations for the blind dfer by the degree of
attachment either to the visual notation (context orientedo the semantic (functional) aspect. The-
oretically, the conversion between conventional, visuatiented formats and a tactile format could be
more successful if the target tactile format is one of thob&kvare visually oriented as well. Yet, this
is not often confirmed in practice because it is not alwayscee that the same visual features make
part of the source format and the target format, in spite afdef the same type. Further, for practical
reasons the existing conversion tools only cover some afeasthematical notation which may not be
suficient for university courses. In the case of conversionstdmm the LaTeX format in particular,
the degree of variability of this format often representobstacle. But if we are not expecting a fully
automatic conversion, they can be certainly used for thi@imionversion stage.

Technologies to be listed in this category:

e LaBraDoor (LaTeX-to-Braille-Door) ; Johannes Kepler University Linz [28]
Although the system was originally intended primarily as edole for a blind person’s working environment with
mathematical documents, it is mainly used for producingileamathematical literature for secondary and tertiary
levels in the Marburg System and Human Readaplé The system is thus a conversion tool between Afigdformat
and the tactile mathematical notation, and vice versa.

¢ latex-accessRobin Williams, Alastair Irving[[30]
A system for a realtime translation of a lifdgXinto braille in the Nemeth codification.

e Duxbury Braille Translator , Duxbury Systems [31], [32]
A complex system for converting documents into tactile tiotein a number of braille notation systems - it translates
the mathematical notation from the source document in sdnieeoLaTeX format variants into the tactile notations
Nemeth, British Mathematical Braille, and French Braille.
e MAVIS, Karshmer, Gupta [33]
A pioneer project solved the translation from Nemeth codeaffeX using language semantics and logic programming.
e Insight project, Annamalai, Gopal et al., Wang [34]
It further improved upon the MAVIS project to develop a costplsystem for translating Math documents in Nemeth
code with embedded text (in Grade Il Braille) &5X. It also includes image processing to recognize the Eraidts
to get an input for the translation.

e BraMaNet (Braille Mathématique sur InterNet), Mission Handicap][3
A system using the XSL stylesheets for the conversion of Matimto French Braille. In cooperation with the appli-
cation MathType, it is able to translate a mathematicaltiaian a MS Word document. It is further a part of the NAT
Braille project.

e Math2Braille, D. Crombie, R. Lenoir, et. al., FNB Netherlands (Dedic@8][ [37]
An open-source module to convert MathML to Dutch Math Beaiibtation.

e Universal Math Conversion Library , Archambault, Fitzpatrick, et. al., International Groupit¢rsal Math Accessi-
bility [38], [39], [40], [41]
Programming library encapsulating various convertersliberent Braille codes; it is based on a Presentation MathML
(UMCL Canonical MathML). As output modules available aretMéL to French, Italian, Marburg British and Nemeth
Math codes, the system allows conversion from MathML to ¢hmzdes. LaTeX to MathML and additionally Marburg
code to MathML modules are available.

e liblouisxml - Braille transcription software for XML docum ents[43], [42]
A library of liblouis - an open-source braille translatordaback-translator. It enhances liblouis to convert XML
(MathML) to any of dozens braille codes implemented in liito

e odt2braille, Katholieke Universiteit Leuvemn [44]
An extension to Openfiice/LibreOffice (Writer) enabling to translate documents into variouailigr codes including
mathematical content which is translated into a braillehratde (Nemeth code, British code, Marburg system and
Woluwe code). Itis powered by liblouisxml.

e odt2daisy, SUN Microsystems, Katholieke Universiteit Leuven|[46]
OpenQtice/LibreOffice extension enabling to export a document in Daisy 3 for@e€ification for the Digital Talking
Book Modular Extension for Mathematics) including mathéos content conforming to the MathML standard. It is
powered by liblouisxml.

12



E-Simplicity versus e-Complexity Ondra and Penaz

e PEF - Portable Embosser Format Westling, Hakanssoh [47]
It is not a conversion tool but data format for representimgilez documents independently of language, braille code,
embosser settings or computer environment. It could be fasdataille embossing or archiving. It is listed here in this
context as some of the conversion tools above utilize PERdbfor the resulting documents (e.g. odt2braille).

We suppose that tools and systems of this category will ieediespecially by those who provide
authoring of documents in a format accessible to the blimtvise providers, sighted collaborators,
etc.). Considering the amount of the tools available (thieidi not complete, of course) and considering
the fact that their aim and usability inftkrent cases of practical situations aréfadient, it is always
necessary to combine them in practice and to analyze theesooaiterial. In these circumstances it is
hardly conceivable that those tasks (such as analysis afalee document, all know-how in details,
combining the tools) are practically feasible for a blingmugn spite of the facts mentioned, it is known
that these conversions of conventional documents are viggred as a blind user’s responsibility.

4.2 Tools creating accessible documents with mathematicidrmulae

While the technologies of the first category are intendedavert existing documents, in the next

group of technologies, systems used for creating docunagattisted. These systems always include

some conversion algorithms and thus the two categoriesotdendistinguished precisely. Many of the

technologies are built accessible and usable for blindsuaed in case a blind user is responsible for

authoring documents, the amount and variety of technaddggishe can use is increasing (see above).
Technologies to be mentioned here:

¢ InftyReader, InftyEditor , InftyProject organizatiori [49] [50]
While InftyReader recognizes scanned images of printedmeats including math formulae, InftyEditor is an author-
ing tool for mathematical documents. They can produce autpuarious formats such as IML (Infty XML), LaTeX,
MathML, Daisy with MathML, Human Readable TeX, PDF, MS Wof@DZ etc.

e MathType, Design Science [51]
Math equation editor (an enhanced version of the editor eadxin MS Word) that produces output in MathML.

e MathDaisy, Design Science d, [60]. [62]
Together with MS Word and MathType, MathDaisy provides station of mathematical formulae included in a MS
Word document into Daisy 3 format (Specification for the EagTalking Book Modular Extension for Mathematics).

e Lambda - Linear Access to Mathematic for Braille Device and Aidio-synthesis Lambda Project, Veia progetti [20]
Although primarily Lambda is a system for writing, maniptida and viewing of mathematical expressions for the blind
and their sighted collaborators, it could be used for autigomore complex mathematical documents since Lambda
can create documents in XHTMIMathML format.

e Index WinBraille with Math , Index Braille [52]

A system authoring braille documents to be embossed by IBd&ie embossers. The system is able to translate math
expressions embedded in MS Word documents (as Equatiar)editNemeth code and Swedish math notation.

e Duxbury Braille Translator , Duxbury Systems [31].[32]
see above

o Tiger Software Suite, ViewPlus Technologie$ [53]. [54]

A complex system for authoring braille documents includiactile graphics and mathematical expressions which are
processed in conjunction with MathType editor. It is abldramslate mathematics to Nemeth as well as British and
French braille math codes.

e BUF — Braille Universal Format, Masaryk University Brnd [48]
A complex set of MS Word macros which gives a potential of atitlg braille documents including mathematical
expressions (Czech braille math code only). The system é&as bised for producing braille scientific documents by
Masaryk University for 10 years.

13



E-Simplicity versus e-Complexity Ondra and Penaz

4.3 Working environment for both blind and sighted collaborators

So far we have only considered the task to make a mathematicalment accessible and supposed
that the document will be read. But the academic practicelieg structured browsing through the

document, writing and producing formulae not for the préson but as a part of solving some issue
(*doing math”). Technologies of the last category help t@ldeith these situations and operations.

Nevertheless, it is not possible to say that those techiedagplve all ranges of mathematical practice
and make them accessible because in our entire analysishofe@gies we have intentionally considered
only those mathematical documents and operations thateeedlon algebraic content. We have left
aside the fact that the content of mathematical documesta€ll as scientific ones in a broader sense)
very often includes graphics (geometry) and that theirtoeas presupposed.

Technologies to be mentioned:

e Chattylnfty , InftyProject organizatiori [49]. [50]
Itis an extended version of InftyEditor enabling to provigeech output of editing data of InftyEditor, including mat
expressions. Thus it enables writing and manipulation dheraatical expressions in documents.

e Lambda - Linear Access to Mathematics for Braille Device andAudio-synthesis Lambda Project, Veia progetti
[20]
An integrated system (primarily editor) enabling to matépe mathematical documents and providing both braille and
speech output. It is unique as it is based on its own interodé avhich is independent of language or braille code.
For document braille presentation, the internal code issfamed into one of the national 8-dot braille codes which
have been developed for the purposes of Lambda. The viseséptation of the document on-screen is linear but still
accessible for the sighted; the document can be displaytbe iconventional math notation on demand.

e BlindMoose, Masaryk University Brnd [55]
A complex set of MS Word macros which enables to read, editaawipulate mathematical expressions in the user in-
terface of MS Word. The document is displayed on-screemtined yet accessible to sighted collaborators. Document
in Braille is presented in Czech Braille Code only; BlindMegrovides no speech output.

e WinTriangle, Gardner([57],[[55]
A specialized RTF word processor capable of displaying anding documents including mathematical formulae which
are displayed in a linear form (accessible to sighted coliators).

e MaWEn - Mathematical Working Environment , Miesenberger, Stoger, Batusic et al.|[58]
One of the systems of mathematical working environment kvbystematically consider extended support of navigation
in formula structure, text selection and other maniputatasks. Theoretical concept.

Particular technologies enabling reading of mathematioalments:

e Daisy 3 Daisy Consortium [59]/160]/[61]([62]
Documents in Daisy 3 format (DAISXISO Z239.86 Specifications for the Digital Talking Book) cambed mathe-
matical expressions in MathML according to DAISY 3 Modulatt&nsion for MathML. Practically, those documents
must be read by Daisy reader software which supports MathMaiisy (e.g. ReadHear PC Premium or ChattyInfty).

e MathPlayer, Design Science [63]
A web browser plugin for the conventional visualization oftML content embedded in XHTML documents. It
provides speech output according to rules based on lexiced and enables users to navigate in the structure of a
mathematical expression (tree-based navigation).

5 Conclusion

Since several years, Masaryk University has been integraearly one hundred visually impaired stu-
dents in its study programmes and has been running a natleramiine library of scientific docume
made accessible for other universities and schools in tieetCRepublic and Central Europe in general.

Buniversity Library for Students with Special Needs. TeimesCentre, Masaryk University: Brno, Czech Republic.
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We have our own applications (see above) and try to use thhodeged by other teams, considering very
carefully the existing tools which may help people with dkimpairment, both students and teachers,
to do mathematics. In practice, however, we still have to damof the work manually due to the lack
of compatibility and universality of so many of the applicat available.

Two thousand years ago the first mathematical books werdspehbl in Europe, and we have seen
that the issues they deal with are remarkable in spite ofittiedf specific tools that were only developed
later. Two thousand years later, it is not rare that our didients are restricted in the same way, because
the technical tools cannot be used, for one or another red$mntask of solving the unsolvable has not
been accomplished yet. Last but not least, developing Ggifuins for conversion between formats is
a popular exercise among IT-oriented scholars, who, howekenot always set the goal to create a
functional tool ready for practical purpose, compatibléhwagther tools and easy to develop further; this
is the reason why today many promising projects remain withoy further development.

What can be done to overcome thdidulties? As in many other cases, the point is not so much in
changing the behavior of the blind, but in the correct bebrasf the sighted. The unsolvable problem
can be solved and, paradoxically, it is more or less clear toodo it: by using unambiguous standard
format as an intermediary. Give me the place to stand, anall stove the earth. Then any newly
created document will be converted into this format for asa&tion or further conversion, and tools for
processing it can be developed for national, regional,lland individual purpose. We can say we are
not so far from achieving that aim: there are encoding tam$6th visual symbols and braille symbols,
and the intermediary standards has been proposed (couldatiévd, XHTML, Unicode etc.). What
remains to be done is just the mostfidult task: to make these intermediaries unambiguous and to
respect them.
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